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of P. In the case of default (h = Q*,I = 1), the same constant function results

for P > F. For P < F, the marginal utility decreases with increasing P, but

(F' — P) —max[(F — P),0] is always equal to zero. Therefore, the marginal utility

U'(IT| h = @Q*, I = 0) can be written in front of the expectations in the last two lines

of equation (8):
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Since U'(I1| h = Q*, I = 0) is positive, the following equivalence holds:
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The terms on the left hand side of inequality (11) can be written in more compact

form as
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Using expression (12), the following equivalence has been shown:
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The desired result follows from the equivalence of equations (6) and (7) and the

equivalence of equations (13) and (14), i.e.,

F 2 E[P|+E [f max|(F — P), 0]]

AV AV

< Q" 1.

Step 2: Now assume that h* < 0. To complete the proof of the proposition, it

remains to show that F' < E[P|+ E [1: max[(F — P), 0]] must hold in this case.

For a negative value of h, the profit in equation (1) becomes

I = PQ — ¢(Q) + h(F — P) — h I min [(F_ﬁ),o]. (15)

Since h* is assumed to be negative, it must satisfy the following necessary condition:

E [U’(ﬁ) [(F — P) — I'min[(F — P), O]H ~0. (16)

The left hand side of equation (16) can be rewritten as follows:

E [U’(H) [(F — P) — [min[(F - P), 0]” (17)

- E [U’(H)(F - P)} ~E [U’(ﬁ) [min[(F — P), 0]} .

Since U/(II) is a random variable with positive support and I min[(F' — P),0] is a
random variable with non-positive support, the first order condition (16) implies
that £ [U’(ﬁ)(F — ]5)] must be negative.

Now define the random variable Z as follows:

Z = PQ — ¢(Q) + h(F — P) — h min [(F_ﬁ),o] (18)

Note that in all possible states of the world Z is smaller than or equal to the random
variable II. If P takes values smaller than or equal to F, or I = 1, then Z and II
take equal values. If P takes values bigger than F and I = 0, then Z takes smaller
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values than II under our assumption of a negative hedge position h. Therefore, in
all the latter states of the world we would have U'(II)(F — P) > U'(Z)(F — P), since
(F — P) is negative and U’(Z) > U’(II). This argument implies that

E [U’(ﬁ)(p - 15)] > E [U’(Z)(F - p)|. (19)

Using inequality (19) and the optimality condition (16), we can now conclude that
E|\U(Z)(F — }3)} must be negative. The expectation under question can be written

as follows:

- E [U’(Z)] E(F — P) — Cou(U'(Z), P)
The covariance Cov(U’(Z), P) is negative. To see this, note that for negative h
the random variable Z, as given in equation (18), strictly increases with P. Also
note that Z does not depend on any other random variable. Since marginal utility

strictly decreases with profits, the covariance term must be negative.

We can now conclude that for equation (16) to hold, FE [U’(Z)] E(F — P) must

be negative. Since marginal utility is always positive, this condition implies

that F' must be smaller than E(P). Therefore, it has been shown that F <

E[P|+ E [f max|(F — P),0]| is necessary to give a firm the incentive to hold a

long positions in forwards. O

Proof of Proposition 2:

The first order condition with respect to the output quantity ) reads:

E[U/(I)(P - ¢(@Q)] =0
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If h* is greater than zero, the following first order condition holds:
E [U’(ﬁ) [(F — P) — Imag[F — P, O]H —0
E [U’(ﬁ) [ maz|F — P, o]} E [U’(ﬁ) }

P
& F- _ - .
E[U(1D)] E [U’(ﬁ)]

(21)

Since the two expressions on the right hand sides of equations (20) and (21) are

equal, the following expression for the marginal costs results:

E\U'(11) I max[F — 15,0]]

Q) =F - A . (22)

The random variable U’(IT) I maz[F — P,0] takes a positive value at least for one
realization of P, as long as the forward contract can default and does not provide
an arbitrage opportunity. However, U’(IT) I maz[F — P,0] can never be negative.
Therefore, the expectation of U’(IT) I maz[F — P, 0] must be positive and ¢/(Q) < F,
holds, which proofs the result for A* > 0.

The proof for h* < 0 is analogous. If h* < 0, the following first order condition
holds:

E [U’(ﬁ) [(F — P) — I'min[F — P, 0]” ~0
E [U'(ﬁ) [min[F — P, O]] E [Uf(ﬁ)ﬁ}

e E[U/(10)] " w[om] (23)

Equations (20) and (23) imply that

E [U'(11) I min[F — P, 0]]

Q) =F - SO . (24)

Since U'(T1) I min[F — P, 0] is a non-positive random variable that is negative at
least in one state, provided the forward contract can default and does not provide

an arbitrage opportunity, its expectation is negative. Thus, is follows from equation

(24) that ¢(Q) > F. O
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Proof of Proposition 3:

It is well known that for a firm that has access to default-free forwards, marginal
costs equal the forward price at the optimal output level. Therefore, if expected
profits from forwards are zero, we obtain ¢(Q) = F' = E[P] for the case of default-

free forwards.

We will show that for the case of default-risky forwards, marginal production costs
of £ []5] lead to an incentive to reduce output, i.e., the optimal output is smaller

than in the case with default-free forwards.

Since we know from proposition 1 that h* = @ if expected returns from forwards

are zero, we have to show that

E}ﬂ3(@—d@yup—m_immw_ﬁﬁgm:Qmum:Em{<o
o EpKU«P—EPH%F—ﬂ—Immw Dm Qc@@:EP{<o
= Eﬁ%ﬁﬂjmmw Pohiﬂhmx })m Q,C@:Em{<o
= cmjﬁﬂ(d,—fnmxwt—ﬁxmh::Q¢ﬂQ)=zz }<<o (25)

Note that the second equivalence uses the fact that F = E[P]+ E[I maz[F — P,0]],

i.e., expected profits from forwards are zero.

To see that the covariance on the left hand side of inequality (25) is indeed negative,

recall that under our assumptions the profit II takes the following form:
I=QF —¢(Q) — QImax[F — P,0]. (26)

Since the profit strictly increases with increasing realizations of the random variable
—I'max [F — P, 0], marginal utility strictly decreases. Therefore, the covariance

between marginal utility and —I maz[F — P,0] must be negative. O
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Proof of Proposition 4:

The proof is completely analogous to the proof of proposition 1. However, some
comments on the essential step of the proof, the equality of expressions (9) and
(10), might be useful. In the more general model with credit derivatives, if h = Q*
and I = 0 (no default), the profit I equals FQ* — ¢(Q*) — 2*K(1 + ), i.e., the
profit is still nonstochastic and marginal utility U’(Il| h = Q*, I = 0) is a constant
function of P. In the case of default (h = Q*,I = 1), the same constant function
results for P > F. Since (F — P) — max[(F — P),0] is always equal to zero for
P < F, the marginal utility U'(II| h = Q*, I = 0) can still be written in front of
the expectations in the last two lines of equation (8). Expressions (9) and (10) are

equal even in the more general model with credit derivatives. O
Proof of Proposition 5:

First, consider the second part of the proposition. It follows from proposition 4 that
h* = * > 0 under the assumption of zero expected profits of forward contracts.
Thus, the ratio z*/h* is always defined. Since the firm ‘s objective function is strictly
concave in z over the whole real line, the ratio z*/h* is smaller than one if the first
derivative of E[U(IT)] with respect to z is negative for z = h*. Therefore, one has

to show that the following inequality holds:

E [U'(ﬁ) [f(l ~ J)ymax[(F — P),0] — K(1+ r)] |2 = h*} <0. (27)
The left hand side of inequality (27) can be written as
E [U’(ﬁ) {f(l — J)max[(F — P),0] — K(1+ r)} = h*}
- E [E [U'(ﬁ) [i 1 — Jymax[(F — P),0] — K(1 + m} = h*} 7, j}
= —pryaE U MK +7r)|z=hT=1J= 1: (28)

(
(D)
+pr-1,7-0F _U’(ﬁ) max[(F — P),0] - K(1+7)|z=h"T1=1,] = 0}
oty B [UK (14 7) = = e = 0,7 = 1]
(D)

—p[:()J:()E _U/ ].:[ K(1+T)|Z:h*,IZO,J:O_ s

where pr—1 j=1,Pr=1.7=0, Pr=o0,7=1 and p;—o _j—o denote the unconditional probabilities

for the corresponding events.
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Division of the right hand side of equation (28) by U’'(Il|z = h*, I = 0) = U'(Il|z =

h*,I =1,J =0), which is a non-random scalar, leads to the following expression:

—pr=1,7=1F [(U'(ﬁ)/U'(H]z = I=0)K(1+r)|z=hr,1=1,J= 1}

P11 ymoE [max[(F D)0~ K(+r)|z=h"T=1,]= o} (29)
—pr—o g E[K(1+7r)|z=h"1=0,J =1] (30)
progoB[K(+7) 2=k 1=0,J=0) (31)

Since the marginal utility is generally lowest if the forward contract does not default

(I =0), the following inequality holds:

P B U@/ UMz =h* T=0)K(1+7r)|z=h1T=1,J=1
< —p]:LJ:lE[K(l +T)| Z = h*, I = 1, J = 1} (32)

The expressions (29), (30), (31) and the expression on the right hand side of in-

equality (32) sum up to the following unconditional expectation:

E [f<1 — J)ymax|(F — P),0] — K(1 + 7‘)] . (33)

Under the assumption that credit derivatives earn zero expected profits, the above
expectation (33) is zero. Therefore, it has been shown that the following inequality
holds:

E [Uf(ﬁ) [iu — J)ymax[(F — P),0] — K(1+ 7“)] |2 = h*}

0.
UMz =, 1 =0) =

Since marginal utility is positive, this result implies that inequality (27) also holds.

The first part of the proposition also follows from the above argument. One has
just to consider that in the case with default-free forward contracts inequality (32)
becomes an equality. Therefore inequality (27) also holds as an equality, i.e., the
necessary condition for an optimal solution, which is also a sufficient condition under

our assumptions, is fulfilled.

It remains to show that z*/h* is strictly greater than zero if credit derivatives are

subject to default. Based on the first order condition, a strictly positive position in
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credit derivatives is optimal if the following inequality holds:

E [U’(ﬁ) [i(1 — J)ymax|(F — P),0] — K(1 + 7’)] |2 = o} > 0. (34)

The left hand side of equation (34) can be rewritten as follows:

[U'( ) [ (1 — J)max|(F — P),0] —K(1+r)} B :o}
J)max[(F — P),0] — K(1 +r)} |2 = o] 7, j]
— prog B UMK +1)|2=0,1=1,7 =1

+p11,020F | U/ (M) (max[(F — P),0] = K(1+7)|z=0,1=1,7 = 0|

—Pr=o,y=0F (I K(1+T)|Z=O,I:O,J:0]
= —p1:17J:1E _U/ 1:[|Z:0 I=1 le)_ K(l—l—T)

(

(

(
oy E U1

(

(

(M1 2 = 0,1 =1,J = 0)| E |max[(F — P),0] = K(1+7)|[ =1, = 0|

+pr=1,y=0F |U
+Pr—1,- OCO (/1) max((F — P), 0]~ K(1+ )2 =0,1=1,J=0]
—P1=0,J= 1E (1T |Z—OI—0J—1) K(1+r)

_pIOJOE (I |Z—OI_0J_()) K(1+7)

- E[U’ H\z_o] [ max[(F—P),O]—K(Hr)}
+pr=1,7=0Cov [ max|[(F —P),0| —K(1+7)|z=0,1=1,J= O}
= pr=1,y=0Cov [U (IT), max[(F — P),0] = K(14+7)|2=0,1=1, J = O} : (35)

where the last equality follows from the assumption that credit derivatives earn zero
expected profits, i.e., F [.f(l — J)max[(F — P),0] — K(1 + r)] = 0.

Thus, inequality (34) holds if the covariance term on the right hand side of equation
(35) is positive. The positive sign of the conditional covariance can be seen as
follows: If the forward defaults and no credit derivatives are held, the firm s profit
depends only on one random variable, P. Profit is an increasing function of P and
strictly increasing for P < F'. The payoff of a long position in credit derivatives is
decreasing with P, and strictly decreasing for P < F. Since the marginal utility
is itself a strictly decreasing function of the firm“s profit, it must be positively

correlated with the payoff of the credit derivative. O
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Proof of Proposition 6:

It can be shown by the same arguments used in the second step of the proof of
proposition 1 that a negative value of h* contradicts the assumption of zero expected
profits of forward contracts. Thus, assume that h* > 0 and concentrate on a region

where the objective function is strictly concave in h.

The optimal hedge ratio h*/Q* is greater than one if the first derivative of the

objective function with respect to h, evaluated at h = Q*, is greater than zero, i.e.,

E [U’(ﬁ) [(F ~P)— (1 - R)max[(F — P), oﬂ |h = Q*} > 0. (36)

To show that inequality (36) holds, rewrite the the left hand side of the inequality

as follows:

E [U’(f[) [(F ~P)— [(1 - R)max[(F — P), o]] |h = Q*]

5 [E [U’(ﬁ) [(F — P)— I(1 - R)max|(F — P), 0]] |h = Q*] | f}

= pE :U’(ﬁ) (F—P)—(1-R) max[(F—ﬁ),oﬂ h=Q" 1= 1]

+1-p E -[U’(f[)(F P h=0Q* = o]

— pE U :(F ~ P) — max[(F — P), 0]} h=0Q" I = 1] (37)

+pé [U’(ﬁ)émax[(F —P),0]|h=Q" I = 1]

+(1-p E [U’(ﬁ)(F —P)h=0Q* = o] .

Now divide the right hand side of equation (37) by U’'(II| h = Q*, I = 0), which is
a non-random scalar. As a consequence, the marginal utility cancels from the first
and third expectations. With respect to the first expectation, the same reasoning
as in the proof of proposition 1 applies. After division, the sum on the right hand

side of equation (37) becomes

pE[(F — P) — max[(F — P),0]|I = 1] (38)

]

+pE [(U'I)/U' (| h = Q*, I =0))Rmax[(F — P),0]|h=Q*, I =1
+(1-p)E [(F—ﬁ)u:o] .

30



For the next step, note that the following inequality (39) holds:
E[(U@)/u ) h = Q*, I =0)Rmax|(F — P),0]|h = Q*, [ = 1] >
E |Rmax|(F — P),0]|h=Q*, I = 1] (39)

The reason is that the random variable U'(II|h = Q*, I = 1)/U'(II| h = Q*, I = 0)
takes values that are strictly greater than one if P < F.

Inequality (39) implies that

pE[(F—P)—max[(F—P),oHJ: 1:
+p E (UMUM@ h = Q*, I = 0))Rmax|(F — P),0]|h = Q*, I = 1:
+(1—p)E[(F—P)|I:0: >

pE [(F—P) — max[(F = P),0)| I =1

Since expected profits of short positions in forwards are assumed to be zero, i.e.,
E [(F — P)—1(1—R) max|[(F — P), 0]} = 0, it has been shown that the following
inequality (40) holds:

E [U'(ﬁ) [(F ~P)—[(1 - R)max[(F — P), 0]} h = Q*}
U([h=Q 1 =0)

> 0. (40)

Because marginal utility is positive, inequality (40) implies that inequality (36) also
holds. 0J
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