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Abstract

Asset price correlations are often thought to be larger than justified by economic funda-
mentals. This paper shows that such ‘excessive’ comovement can be explained by introducing
higher order beliefs - investors’ beliefs about the beliefs of other investors - into an otherwise
standard asset pricing model. Compared to expectations of fundamentals, expectations of
other investors’ expectations of fundamentals place more weight on public information. In a
framework with multiple risky assets whose fundamentals are related, this effect magnifies
spillover of public information noise across assets and generates price correlations which are
larger than justified by the correlations of underlying fundamentals. The results of this pa-
per are directly applicable in explaining the robust empirical finding of excessive asset price
comovement. Our results also imply that financial contagion can be interpreted as overreac-
tion to ‘foreign’ public information, which occurs because investors try to second-guess the
market.
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1 Introduction

Financial markets exhibit a large degree of comovement, which is often thought to be excessive
compared to the underlying fundamental economic variables.! In this paper we ask whether
a model in which asset prices are determined by higher order beliefs - investors’ beliefs about
the beliefs of other investors - can explain this excessive comovement. We study the role of
higher order beliefs in a model with multiple risky assets, using numerical methods developed
by Townsend (1983). It is well known that higher order beliefs - compared to expectations
about economic fundamentals - are biased towards public information. We show that this fea-

ture leads to excessive spillover of public information noise across assets with related economic
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the programs for his paper Bacchetta and van Wincoop (2006). I also thank participants at the Cambridge
Macroeconomics Workshop for their comments.
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!See e.g. Barberis, Shleifer and Wurgler (2005) for stock markets, Sutton (2000) for bond markets and Pindyck
and Rotemberg (1990) for commodity markets.



fundamentals and generates price correlations which are larger than justified by fundamentals.
Our results are important because they show that a standard asset pricing model with a re-
alistic information structure can explain the robust empirical finding of ‘excessive’ asset price
comovement, without the need to assume investor irrationality or financial frictions.

The idea that higher order beliefs (henceforth HOB) are important in financial markets was
first introduced by Keynes (1936), and has recently been incorporated in formal asset pricing
models.? When investors care about the resale value of assets they need to form expectations
not only about the assets’ fundamentals (for example future dividends), but also about future
prices. However, these prices are in turn determined by the expectations of investors who are
then in the market. Therefore, investors in fact need to form expectations not only about
fundamentals directly, but also about the expectations of future investors.

In most asset pricing models the information structure is designed such that expectations
of other investors’ expectations of future payoffs simplify trivially to expectations about future
payoffs. However Allen, Morris and Shin (2006) emphasize that with a more general information
structure, the law of iterated expectations fails to hold for average beliefs. Consider a financial
market where investors have access to both public information - information that is observed
by everyone in the market - and private information, which is only observed by individual
investors. Since investors know that other investors have observed the same public information
as well, public information is a better predictor of market opinion than their private information.
Therefore when forming HOB investors will place excessive weight on public information and
consequently prices will reflect public information excessively, where ‘excessive’ is defined as
compared to the statistically optimal forecast of fundamentals.

The contribution of this paper is to show that the presence of HOB also has implications
for asset price comovement. Consider two risky assets whose payoffs are related. Suppose
some news is released which indicates that asset one’s fundamental value (the present value of
discounted future payoffs) will be lower than previously expected. Because payoffs across assets
are correlated, rational investors will revise their expectations of asset two’s fundamental value
downward as well. Moreover, since prices are determined by HOB they will overreact to public
information: the fall in the price of asset two in response to the news about the first asset will
be larger than justified by the expected fall in asset two’s fundamentals. This overreaction of
asset prices to information about other assets can be interpreted as financial contagion.

Empirical studies on excess comovement typically regress asset prices on a set of economic
fundamentals, and then test for comovement among the residuals; the finding that the covari-
ances of the residuals are non-zero is then interpreted as ‘excess comovement’. In terms of
our model, the corresponding question is whether there is comovement conditional on economic
fundamentals. We show that the presence of public information affecting investors’ expectations
indeed generates non-zero correlations after conditioning on fundamentals. Moreover, our key
finding is that asset price correlations conditional on true fundamentals are larger than justi-

fied by the comovement of statistically optimal forecasts of fundamentals, because the presence

2See e.g. Allen, Morris and Shin (2006) and Bacchetta and van Wincoop (2007).



of HOB magnifies the comovement arising from public information. Thus even though all in-
vestors are fully rational, the model generates an inefficient amount of comovement across asset
prices. We therefore conclude that HOB can contribute to explaining the seemingly excessive
comovement that is observed in financial markets and confirmed by various empirical studies.

We examine these issues formally in a multi-period asset pricing model based on Admati
(1985), which is presented in section 2. In our model, investors trade two risky assets with
correlated payoffs. HOB arise in financial markets because investors care about future prices.
We use an overlapping-generations framework to include this feature in the simplest possible
way. Since our full model has no analytical solution, in section 3 and 4 we instead derive
analytical results for a simplified version of our model. Section 5 solves the full model by
adapting numerical methods developed by Townsend (1983) to the multiple-asset case. The
key results, that HOB generate information spillovers across prices and price correlations across
assets in excess of what is justified by the comovement of underlying fundamentals, carry over
from the simplified version to the general model.

The paper builds on the growing literature in higher-order expectations.> However, to the
best of our knowledge, there is so far only one study that analyzes HOB with multiple risky
assets: Zhou (1998) focuses on portfolio diversification and does not analyze the effect of HOB
on asset price comovement. Moreover, the type of HOB analyzed is fundamentally different
from this paper: while this paper features HOB in a dynamic context - today’s expectations
of tomorrow’s expectations -, in Zhou (1998) HOB exist in a static framework.* Our paper is
most closely related to Bacchetta and van Wincoop (2006) and Allen, Morris and Shin (2006).
Bacchetta and van Wincoop (2006) show that HOB magnify the impact and persistence of
liquidity shocks ("rational confusion") and thereby help to explain the short-term disconnect of
exchange rates from fundamentals. We use their information structure to generate HOB in a
model with multiple risky assets. Allen, Morris and Shin (2006) show in a finite horizon model
that with HOB, prices will differ systematically from fundamentals. We extend their results to
the multi-asset case in the simplified version of our model.

The relationship of this paper to theoretical and empirical studies on excess comovement
and financial contagion is discussed in section 6. The finding that HOB magnify correlation
conditional on economic fundamentals is directly applicable to findings in the empirical litera-
ture. Depending on the parameter values our model generates significantly more comovement
than standard present value models, in line with empirical findings. Our analysis adds to and
incorporates previous theories of how shocks are transmitted across the financial system. We
show that several transmission channels highlighted in the literature on financial contagion are

magnified when HOB are taken into account, while others become less important. We also dis-

#For applications of HOB to fields other than financial markets see Lorenzoni (2006) for business cycles and
Woodford (2003) and Nimark (2007) for monetary policy.

*In Zhou (1998), there are two groups of investors; when extracting price signals, each group needs to form
expectations about the other group’s expectations. But the other group’s expectations are in turn determined
by expectations of the first group, and so on. Starting with Townsend (1983), most of the literature considers
such static HOB. For applications to financial markets see also Singleton (1987), Hussman (1992) and Pagratis
(2005).



cuss policy implications of our analysis. We find that correlations are closer to what is justified
by the comovement of fundamentals when public information is more accurate. This suggests

that transparency on behalf of policymakers may help to limit excessive comovement.

2 The model

2.1 Model setup

The model is a dynamic version of Admati (1985), describing a financial market with multi-
ple risky assets whose payoffs are correlated. As is standard in the literature, we assume that
investors have constant absolute risk aversion (CARA) utility, asset payoffs are normally dis-
tributed and there is random asset supply which prevents prices from fully revealing investors’

private information.

Assets. There are three assets in the economy: two risky assets, and one riskless asset
with a gross return of R > 1. The riskless asset is in perfectly elastic supply, and its price is
normalized to one. The risky assets generate cashflows 01; and 09 in period t, which we call
fundamentals: for example, the risky assets can be interpreted as stocks, and their fundamentals

as dividends. Fundamentals of asset j are persistent and follow autoregressive processes,
0t = p;fjt—1 + €jt

with —1 < p; <1, where ¢;; is a disturbance which is correlated across assets:
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Throughout the paper we assume p > 0, so that fundamentals are positively related across

assets. The supply of asset j is described by

Sjt = ¢;Sjt—1 + sjt
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Asset supplies S1; and So; could be interpreted as liquidity shocks. More generally these supplies

with —1 < ¢; <1, where

are the result of trading for reasons other than profit maximization. Some investors may for
example trade to manage their liquidity positions, or may be forced to sell assets in response

to margin calls or deposit liquidations.

Investors. The model has an overlapping-generations structure: in each period, a continuum

of investors indexed on the unit interval is born. Investors live for two periods: in the first period



when ‘young’ they purchase their asset portfolio from the ‘old’ generation, given exogenous
initial wealth; and when ‘old’ in the second period they sell all asset holdings to the new young
generation, consume and die. We follow the standard assumption that investors have constant
absolute risk aversion (CARA) utility and are born with exogenous initial wealth which is large
enough so that they are never wealth constrained.

The overlapping-generations framework is a convenient way to model investors who care
about future prices. Nevertheless, the model is clearly an oversimplification as in this frame-
work there is no role for long-term investors who could possibly bet against shorter-term trends.
However, even investors with a long-term horizon will care about shorter-term asset price de-
velopments, so that our results do not depend on the assumption of overlapping generations.®
In reality, many investors trade primarily to speculate on future price developments. Further-
more, most investors are leveraged, borrowing funds at lower interest rates to invest them in
assets with higher risk and higher return. To borrow funds they need to provide collateral, such
as the assets in their portfolio. When asset prices fall, the value of their portfolio declines so
that they need to provide additional collateral, which is costly. Therefore leveraged investors
will care about short-term asset price changes, even if they trade mainly to exploit longer-term
trends. Also, fund managers are often evaluated regularly according to the market value of their

portfolios and therefore have an incentive to maximize shorter-term portfolio values.

Information. We model the information structure analogous to Bacchetta and van Wincoop
(2006). In period t, current fundamentals 6, and 0y are revealed, which can be used to
compute prior distributions for future fundamentals 01441, 6241, ... Investors also have access
to two further sources of information. First, a typical investor ¢ in period t receives private

signals z1545 and x9;s about fundamentals in period s,
Tjits = Ojs + Mjits

forj=1,2and s=t+1,t+2,...,t +T. The error terms are normally distributed according to
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Investors’ private information can be interpreted either as their personal opinions or forecasts,
or as saying that they literally do have private (inside) information, for example about specific
companies. Second, in every period t new public signals about fundamentals 7" periods ahead

are revealed:

Zjt+r = Ojiyr + Cgr

®See the appendices of Bacchetta and van Wincoop (2003) and Allen, Morris and Shin (2006) for examples of
models with higher order beliefs and long-term investors. The qualitative results of Allen, Morris and Shin (2006)
are unchanged when allowing for long-term investors, and the numerical results in Bacchetta and van Wincoop
(2003) for the overlapping-generations and infinite-horizon investor case are nearly identical.



for j = 1,2 where
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Investors observe the history of public signals up to ¢. Finally, investors also observe current
and past prices. Since prices will aggregate the expectations of individual investors they can be
used to extract additional information about fundamentals. The information set I;; of a typical
investor 4 in period ¢ then includes current fundamentals, public signals, current and past prices

and 7’s private information:

Iit = {014, 0215 X1it47, X2it+T, Z14+T> Z204+T5 Pt P2t |

where p;; contains prices for asset j from periods t —7T'+1 to ¢, and x;;; and zj; contain private
and public signals for fundamentals from periods ¢ 4+ 1 to t +T. Note that public signals zj;
from period ¢t and earlier are irrelevant for investors in period ¢ since current fundamentals are
observed in t. Furthermore, in period ¢ — 7" investors have only received information about
fundamentals up to ¢, so that prices in from periods ¢t — 1" and earlier also do not provide any
useful information from the perspective investors in period ¢.

We follow the standard assumption of the rational expectations literature that the structure

of the economy and in particular the accuracy of information is common knowledge.

Timing. Within each period t the timing is as follows. In the beginning of the period,
fundamentals are realized and holders of risky assets receive the cashflows 6;;. A new young
generation of investors is born and public signals z;;.r and private signals s, s = t+1, ..., t+7T,
are revealed. Then trade takes place at prices pj;: the new young generation submits their
demand for risky assets and the old generation liquidates their asset holdings. Finally the old

generation of investors consumes their wealth and dies.

2.2 Portfolio choice and the relevance of higher order beliefs

In this subsection we analyze investors’ portfolio choice and show why higher order beliefs arise
in our model. Consider the optimization problem of a typical investor ¢ in period ¢. Denote
1’s demands for risky assets by the column vector D;; whose jth entry denotes the demand for

risky asset j. The investor has initial wealth w;;, and CARA utility. Therefore he maximizes

Eit(wit41) — %Vam (Wit+1)

where 7 is the coefficient of absolute risk aversion and wj;1 is final wealth in period ¢t 4+ 1. The
subscript it indicates that expectation and variance are conditional on the information set I;.
The payoff of holding risky assets in any period ¢ is the sum of next period’s dividend and the

asset price. Therefore final wealth is given by

Wwit+1 = DYy (0141 + pey1) + R(wiyy — Dypy)



!/ /
where 6; = [ 01 O ] and p; = { Pt Pt ] . The conditional variance of final wealth is
Varg(wity1) = Dy Varis (0141 + pey1) Die
Since the precision of private signals is identical across investors we can write

Varit (0t+1 + Pr+1) = Vary (0141 + Prv1) = Zgpy

From the first order condition we then have

1
D = ;Egp{t [Eit (0141 + Pry1) — Rpy] (1)

Equilibrium requires that for every period, aggregate demand for each asset equals its random
supply:
1
/thdl = St
0

!/
where S; = [ St So } . Combining this equilibrium condition with equation (1) above and

rearranging yields®

1 —
P =5 (Bt (0t41 + Pre1) — 7Z0p1St] (2)

where average expectations have been defined as

As usual, prices are equal to the assets’ expected discounted future payoffs, corrected for the

associated uncertainty. Iterating (2) forward gives

1S 1 —pu1 ok
P = {Z el (Oreek) = 7Z0prnEl (St+k)} (3)
k=0

where higher-order expectations have been written as

7k —_ J—

Et (0) = EtEH_l...EtJrk,l (9)
with Eg (0) = 0 and Ez () = E;(0). Thus prices today are determined by the average ex-
pectation of next period’s dividends, plus the average expectations of next period’s average

expectation of dividends two periods ahead, and so on, adjusted for risk.

b Although our CARA-Gaussian framework has been widely used in the theoretical literature, it does have
well-known limitations. However, equation (2), which is the starting point of our analysis, can also be derived with
an alternative model setup where investors are assumed to have constant relative risk aversion (CRRA) utility,
while asset payoffs are log-normally distributed. The results are identical, although the derivation requires some
first- and second-order approximations. Details can be obtained from the author upon request.



As emphasized by Morris and Shin (2002) and Allen, Morris and Shin (2006, henceforth
AMS), the law of iterated expectations does not generally hold for average expectations. HOB
differ from standard expectations because public information is a better predictor of tomorrow’s
average expectations than private information. Intuitively, this is the case if both private and
public information received today are still informative in the future. Then future investors will
continue to use today’s public information to forecast fundamentals, together with their own
private information. Therefore today’s investors forming expectations about future average
expectations will use both the public signals and their private information to predict future
average private signals. Furthermore, they use today’s public signal to predict next period’s use
of today’s public signal, thus placing additional weight on public information.”

In our framework the choice of information horizon T' determines whether HOB will differ
from standard expectations of economic fundamentals. If 7" > 1, information sets of young

and old investors overlap and both public and private information received in period ¢ are still

informative in ¢t + 1. Thus we have®

Ei(Oik) # EtErp1 Erypo1 (Opgr)  if T >1

3 Model solution for a special case

Unfortunately, the general model presented in the last section has no analytical solution. To
illustrate the effect of higher-order beliefs on asset price comovement this section therefore
discusses a special case of the model which does allow the derivation of analytical results. We
later show numerically that these results carry over to the general case. For now we simplify

the model as follows:

1. The horizon is finite. The last trading period is denoted by 7.

2. Risky payoffs for assets 1 and 2 in the final period 7'+ 1 are denoted by #; and 65. There

are no payoffs in intermediate periods.

3. Payoffs 6; and 65 are drawn in an initial period from the prior distribution

ol (A

with p > 0, but are not revealed until the final period 7. In the initial period, the public

signals z; and zo are realized and revealed,

M)

"See Allen, Morris and Shin (2006) for a neat illustration, and Bacchetta and van Wincoop (2007) for a formal
proof of the conditions under which HOB differ from standard expectations in a related setting.

8Note that when T > 1, investors in ¢ receive information which is still useful for investors in t+1. Therefore we
do not require fundamentals to be persistent (p; # 0) for HOB to differ from average expectations of fundamentals.




4. In each period t < T, a typical investor i receives private signals z1;; and xo; about payoffs

in the final period:
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5. Asset supplies are not persistent, ¢; = ¢ = 0, so that Sj;; = sjt.g Furthermore the

covariance of supply shocks is zero, p, = 0.
6. Investors do not observe current or past prices.

7. For simplicity, we also assume that the risk-free rate is one: R = 1.

With these simplifications our model becomes an extension of the model in Allen, Morris
and Shin (2006), now including two risky assets. In contrast to their model we here also assume
that investors do not observe prices so that we can derive analytical results about asset price
correlations. However this assumption does not change the qualitative results as is shown by
numerical simulations in section five.!?

Since fundamentals are now only realized in the final period and asset supplies are not
persistent, today’s expectations of tomorrow’s prices simplify to HOB about fundamentals in

the final period. Therefore with the above assumptions equation (3) boils down to

p: = EtEHl...ET (0) —yVary(pir1)sy fort<T
pr = E7(0) —Varp(0)sy (4)

/

where s; = [ S1t St ] .
The information set of a typical investor ¢ in period t is given by I;y = {y1, y2, 21, 22, T14t, T2it } -
Since all variables in I;; and fundamentals #; and 03 are jointly normally distributed, the

projection theorem can be used to compute investor ¢’s expectations:

E01|I;;) = a11y1 + a12y2 + c1121 + c1222 + biixiic + biawai (5)
E02]l1) = ao1y1 + aznys + co121 + 2222 + bo1214t + baoois (6)

where the coefficients are defined in appendix A. Note that a1o and as; are negative, while all
other coefficients are positive. Intuitively, whenever the public signal z; or the private signal
x1; corresponding to the first asset is larger than the prior y;, investors will assume that the

difference is partly due to the fundamentals 61 being larger than the prior. Since fundamentals

9This assumption considerably simplifies the analysis. It would be more intuitive in the context of the
overlapping-generations framework of the model (where in each period the investors from the old generation
liquidate their asset holdings) if liquidity shocks had a positive mean, which would not change any of the results
below. See AMS (2006) for a discussion.

10When investors do observe prices the presence of higher order beliefs implies that the impact of supply noise
on prices is magnified. This additional role of supply noise is discussed in section five. Our results here can also
be understood as the case where the variance of supply noise becomes very large. As the supply noise volatility
approaches infinity, prices provide no information and will not be used (in the limit) when forming expectations.



are positively correlated investors will then also revise their forecast of fundamentals of the
second asset, 05 upwards. All else equal, a larger prior y; therefore decreases expectations
about the second asset’s fundamentals, and vice versa.
For expectations of asset i’s fundamentals, the weights placed on information directly about
asset ¢ sum to one,
aii + b +cii =1 (7)

whereas the weights placed on information directly about asset j, j # ¢, sum to zero:

a;; + bij + iy = 0 (8)

We assume that when taking average expectations the law of large numbers holds so that

errors in private signals average out:

1
Ey(x1i) = /xmdi =0
0

11

This assumption is frequently used in the literature."* In our case, this will not change the

results qualitatively, although it may affect their quantitative importance as discussed in the
next section. With this assumption, the private signals z1;; and x9; in (5) and (6) are replaced

by the true fundamentals, #; and 02, when forming average expectations. This gives

Ey(01) = a11y1 + aioys + c1121 + c1o22 + b1161 + biofs 9)
Ei(02) = a2iy1 + agyz + c2121 + o222 + ba101 + bazba (10)

Higher order expectations can then be derived by iterating on (9) and (10). For example,

average expectations about 67 in period ¢t + 1 are given by
Ey1(01) = a11y1 + a12y2 + c1121 + 1222 + b1101 + b1262

In period t a typical investor ¢ will then form expectations about next period’s average expec-

tations Eyy1(61) according to
EitEi1(01) = aniyr + a12y2 + c1121 + c1222 + b1 Bt (61) + biaEi (02)
Using (9) and (10) and averaging across investors we get

EiEi11(01) = (a11 + biiain + bigast) y1 + (a12 + biiaiz + bizagz) yo
+ (c11 + brrci1 + biacor) z1 + (c12 + bricia + biaces) 22
+ (b2 + bizba1) 01 + (b11b12 + bi2ba2) 62

1See Admati (1981) for a discussion.
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Following AMS (2006) the computation of higher order expectations can be simplified as follows.

First, define vectors Z and Z;;, where
/
7Z = |:y1 Y2 21 22 (91 92]
/
Zy = [?Jl Y2 21 22 Tiit 3321;15}

Furthermore define a matrix B such that

Ex(Z) =B - Z
This matrix is given by )
1 0 0 0 0 0
0 1 0 O 0 0
1
B_ 0 0 0 0 0
0 0 0 1 0 0
a1 a2 c1i1 cz2 b bio
| a21 a2 ca1 c2 bar baa |

Note that unlike in AMS (2006) our matrix B is constant over time, since the information set
of investors does not grow over time as more and more past prices are observed. Using B we
can describe how higher-order expectations evolve through time. In period T expectations of
investors ¢ are given by

Eq(Z) =B 27

Averaging over all investors we get

Now consider period T — 1, when investors need to form expectations about average opinion in

the final period T. For a typical investor i, we have

Emlff(@ = Eﬁq(B - Z)
= B-Ez_,(Z)
= B?. iy

So average expectations in T — 1 of average expectations in T equal
= 2
Ep_E7(Z) =B"-Z

In general higher order expectations in period ¢ are given by

EEy1..Ex(Z) = BT 1.7
B} - Z

11



We can write matrix B} as

S O =
o = O
_ o O
o O O
o O O
o O O

* —_—
B; =
0 0 0 1 0 0
1% 1% 1% 1% 1% 1%
aj; ay ¢y Cgy by by

2% 2% 2% 2% 2% 2%
| A1 Q2¢ C1¢  Cot by by

so that higher order expectations are given by
EiEv.. B (01) = aijyn +ayiye + cifz1 + oy z2 + bij61 + by (11)

EiEr1...Ex(02) = aify1+adiys + iy 21 + ey 22 + 01101 + 03102 (12)

From the definition of B}, we have B;_; = B} - B. Writing out this product we can derive
differential equations that describe how the weights placed on the various pieces of information

evolve over time. For j = 1,2 we have

J*

a1 = aj; + bjﬁkall + b%l‘azl (13)
ahi y = abj +bljars+ bjaz (14)
ii = i +bien +bhen (15)
iy = & +bjrein+ bhea (16)
by = b+ bjibn (17)

b = blibio+ by (18)

ith initial conditions a'. = a;;, c'%,
wit tia codtosajT aijs

coefficients in B} sum similarly to the coefficients in B, namely that we have!?

= ¢;; and b;*T = b;;. It is straightforward to show that the

ajy +bif +cif = 1 (19)
al; + 0 + ¢ = 0. (20)

fori,j7 =1,2 and i # j.

"2 The proof is by induction: first, note that (19) and (20) hold for the final period T since
a0+ ey = ai+biitoi=1

a;-%+bjT + C;*T = aij+bij+ci; =0

for i # j. Next, show that if (19) and (20) hold for ¢, then they will also hold for ¢ — 1. This follows after
substituting for aj}; + bj; + ¢j; using equations (13) to (18).

12



Substituting our results into the pricing equation (4) leads to the following expression for

asset prices:

Pt = a%fzn + a%;fyg + cﬁkzl + c%fzg + bﬂ‘&l + b%IHQ (21)
—yVari(pie+1)sie — YCove(Pie41, Pat+1)S2t
par = aifyr+a3iye + a4 3z + 0301 4 0370, (22)

—yVary(paes1)s2t — YCove(Pre41, D2t+1)S1t

In the following, we focus on properties of higher order expectations. In particular, we will
analyze the degree to which asset prices, through HOB, reflect public information and funda-
mentals, and the comovement of asset prices induced by HOB. We therefore do not need to

solve explicitly for the variance and covariance of prices.

4 Results

This section derives analytical results about asset price comovement for the special case of the
model. We summarize our results in three propositions. First, we extend a result emphasized
in Morris and Shin (2002) and AMS (2006) to a setting with multiple risky assets: higher order
beliefs about fundamentals place excessive weight on public (as opposed to private) information,

where ‘excessive’ is defined relative to the statistically optimal forecast of fundamentals.

Proposition 1 (Ezcessive reaction to public information)
In the asset pricing equations (and HOB), the weights placed on public signals, z1 and z2, about
fundamentals are increasing in the expectation horizon and larger than the corresponding weights
in the statistically optimal forecast of fundamentals, except for the final period: in (21) and (22)
we have

cﬁ > c}’;H > > C;‘*T—1 > C;*T = cij

fori,j=1,2.
Proof. This result follows directly from (15) and (16). m

This result implies that public information about the fundamentals of one asset have an
excessive impact on the price of another asset whose fundamentals are related: the movement
in asset prices - corresponding to the change in HOB - is larger than justified by the change in
the market’s average expectation of fundamentals.

Proposition 1 shows how HOB can contribute to explaining financial contagion - the seem-
ingly excessive spillover of financial crises across markets and countries. Consider two countries,
1 and 2, whose economic fundamentals are positively correlated (for example, both countries
are emerging markets which have similar economic circumstances). Following the release of
negative public information (for example a credit rating downgrade) for country 1, z; < 0, asset
prices p1¢ fall. Furthermore because prices are determined by higher order expectations they will

overreact to the public news. A credit rating downgrade for country 1 will also make investors
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worry that country 2, with similar economic fundamentals, might face a downgrade in the near
future as well: there is a higher, but only slightly higher probability of a crisis in country 2.
However, because investors’ beliefs about other investors’ expectations are important, investors
place an excessive weight on the public signal ‘credit rating downgrade for country 1°. Investors
revise their expectations about fundamentals in country 2 by more than seems justified by the
negative information released about country 1. Therefore, asset prices in country 2 will drop

more substantially, and contagion occurs:

6p2t _ 8Etft+1...ET (92) _ 62* > 8Et (92) —©c
8z1 8z1 1t 8Z1 21

A shock to one market generates price movements in other markets which are excessive relative
to average expectations of the underlying fundamentals. In a model with multiple risky assets,
higher order expectations therefore have the potential to explain why financial crises can have
large effects on markets whose fundamentals are only mildly related.

The next result extends proposition 1 in AMS (2006) to the case of multiple risky assets.

Proposition 2 (Price drift)

Prices deviate systematically from fundamentals: in (21) and (22) we have
by <blyg <. < b;,T_l < b;,T: bjj

forj=1,2.

Proof. See appendix B. m

Over time, asset prices increasingly reflect fundamentals: there is price drift. This result is
again driven by the feature that with HOB investors place excessive weight on public informa-
tion. As the number of iterations in HOB decreases, the reliance on public information declines
as well. In the final period the payoff from holding risky assets is just equal to their fundamentals

6, so that asset prices are determined by average expectations about fundamentals.

We now turn to analyzing asset price comovement. We are interested in the difference
in comovement between the HOB model and the standard present value (PV) model where
prices equal expected discounted future cashflows, pj; = E; (). Compared to the PV model,
HOB affect asset price comovement in two ways: first, they affect the comovement of investors’
expectations, and second they affect the comovement of risk premia. We focus here on the first
effect; in the numerical simulation in section 5 we consider the second effect as well. One way
to think about correlations that ignore comovement from risk premia is that they capture the
case when the amount of noise from liquidity trades is very small. Except for times of market
turmoil this is likely to be the case in reality. With HOB, covariances of prices are higher
compared to the classical model (see appendix B for a proof), but price volatility is higher as
well. To judge whether market comovement increases it is therefore more useful to look at the

correlation rather than the covariance.
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For our analytical result we focus on comovement conditional on true fundamentals. This
is a useful indicator of market inefficiency induced by HOB, since we would expect asset price
comovement to be determined by comovement of fundamentals. Furthermore, correlations con-
ditional on true fundamentals are the relevant measure for comparison with empirical work.
In empirical studies excess comovement is typically defined as the presence of non-zero covari-
ances among the residuals from a regression of asset prices on economic fundamentals. For
example, Shiller (1990), Beltratti and Shiller (1993) and Engsted and Tanggard (2004) regress
stock prices on real dividends, using yearly data; and Pindyck and Rotemberg (1990,1993), with
monthly data, regress commodity price changes and stock returns on a set of macroeconomic
variables including output, inflation and exchange rates. In terms of our stylized model these
lower-frequency variables correspond to fundamentals 6;;, while public signals y and z corre-
spond to a multitude of public announcements and other information which make up investors’
information sets, but which cannot be possibly accounted for in empirical work. In the next
result we therefore analyze comovement conditional on true asset payoffs § which corresponds

most closely to the residual comovement analyzed in empirical work.

Proposition 3 (Ezcessive correlation)

Let corr (Et...ET(Hl) ,Et...ET (02) | 61, 92) denote the correlation of higher order expectations
about fundamentals 61 and 62, conditional on 01 and 02; and let corr (Et (01), E¢ (62) | 04, 02)
denote the correlation of average expectations about fundamentals 01 and 02, conditional on 61

and 09. Then we have
corr (Et...ET (01) ,Et...ET(QQ) | 01, 92) > corr (Et (01),Eq¢ (62) | 61, 92)
Proof. See appendix B. m

The correlation of HOB - conditional on fundamentals #; and 65 - is higher than the correla-
tion of average forecasts of fundamentals. This suggests that (conditional on fundamentals) the
correlation of asset prices, which are equal to HOB of fundamentals minus a risk premium, is
larger than the correlation of average forecasts of fundamentals as well. In the numerical results
below we show that the comovement of risk premia further contributes to excessive comovement.
Note that the comovement of average expectations about fundamentals, F; (f;) is non-zero be-
cause the same public information affects expectations for both assets. The important point
however is that this comovement is magnified through HOB. Thus a model with HOB generates
significantly more ‘excess’ comovement than standard asset pricing models.

The assumption that private signals xj;; are unbiased with respect to fundamentals 6; and
uncorrelated across investors should be noted: when there is a large number of investors (in-
deed, we have assumed an infinite number of investors), errors in private signals average out.
This assumption (which is standard in the literature) precludes herding behavior and other
psychological biases which may be problematic if markets are hit by waves of optimism and
pessimism. A more realistic model would include only a finite number of investors, so that

errors in private signals would not wash out. In this case the covariance would include an addi-
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Table 1: Benchmark parameterization

Parameter Value Parameter Value
T9; 0.5 corr (€1t €at) 0.5
Ouj 0.5 Ps 0
0j 0.5 R 1.01
Osj 0.5 ~y 0.5
pj 0.5 T 5
é; 0

Parameters are identical across assets 7 = 1, 2.

tional term containing private signal noise. Our qualitative result would still go through in this
richer framework, although it might be quantitatively less important. We stick to the standard
assumption concerning private signals to keep the framework tractable and to highlight the

main intuition of how HOB can influence comovement of asset prices.

5 Simulation of the general model

This section explores the properties of our general model, which is solved using numerical meth-
ods developed by Townsend (1983) and so far only applied by Singleton (1987) and Bacchetta
and van Wincoop (2006).'> We first present results from a benchmark specification given in
Table 1. This parameterization is illustrative only and not calibrated to match actual data.
Below we show that the results are robust to changes in the key parameters.

Figure 1 presents impulse response functions for the benchmark parameterization. In par-
ticular, it compares the effects of one-standard deviation realizations of different shocks on the
price of asset 1, p1y1k, for £ =0,1,2, ..., for two models: the HOB model developed in section
2 and the the present value (PV) model where prices equal average expectations of discounted
future cashflows, E; (Zf; R*Z’GIHkH). Note that since fundamentals 61,17 are revealed in
period t+ 7T, shocks to information about fundamentals in ¢+ 7" and earlier will not affect prices
from ¢t + T onwards.

Panel (a) in Figure 1 shows impulse responses for asset 1 to shocks to the fundamentals of
the same asset in t+ 7, 614+7. Shocks that affect fundamentals in period t + 7 will affect prices
and expectations in ¢ already since investors in t receive unbiased signals about fundamentals
up to T" periods ahead. A positive shock to fundamentals 81,7 raises prices in the HOB-model
by more than in the PV-model. This is in line with proposition 2 in the previous section: prices
deviate systematically from fundamentals because they are determined by HOB, which reflect
public information excessively. The impulse response functions for prices in both models slope
upwards initially: as more information is revealed over time, investors learn about the true value
of fundamentals and hence both expectations of discounted future cashflows and HOB become

more responsive to fundamentals. Because fundamentals are persistent shocks to period ¢t 4+ 1"s

3For details see appendix C. It should be noted that the model has multiple equilibria because the conditional
(co-)variances of asset prices are endogenous. In our numerical analysis we focus on the stable, low-variance
equilibrium. See Bacchetta and van Wincoop (2003) for details.
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Figure 1: Correlations conditional on true fundamentals. Parameters as stated in Table 1, except for

parameter on x-axis.

fundamentals continue to affect prices and expectations even after the fundamentals have been
revealed in ¢t + 1. However, after ¢t + T the weight placed on shocks to 61,47 declines since
p1 <1

Panels (b) to (f) show impulse responses to shocks to asset 2’s fundamentals, public
signals noise, and liquidity shocks. These shocks essentially represent errors that the investors
make when using private signals, public signals and prices to form expectations about asset
1’s fundamentals. Over time, investors learn the true value of fundamentals and make smaller
forecast mistakes so that the influence of errors on prices and expectations declines and impulse
response functions slope downward. Note that the effect of the various shocks on prices in the
HOB-model is larger than the corresponding effect on prices in the PV-model. This is the case
because HOB magnify the weight placed on public information such as prices and public signals
zj¢, and thus also magnify the impact of forecast errors that occur through shocks affecting

prices (liquidity shocks) and public signals.
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Table 2: Comovement and volatility

Correlation* Covariance* Volatility*

prices, HOB-model 0.62 0.52 0.83
HOB 0.48 0.22 0.47
prices, PV-model 0.34 0.09 0.27

*Conditional on true fundamentals. Parameters as stated in Table 1.

In panel (b), since fundamentals are positively correlated across assets positive information
about asset 2’s fundamentals will also raise expectations of fundamentals of the first asset. In
panel (d) the effect of noise from asset 2’s public signals on asset 1’s price in the HOB-model is
larger than the effect of the same shock on average expectations about asset 1’s discounted future
cashflows: there are excessive information spillovers, in line with proposition 1 in the previous
section. This follows again because HOB place excessive weight on public information. Panels
(e) and (f) show impulse responses to liquidity shocks affecting the supply of the first and second
asset, respectively. Supply shocks from the current period, sj; affect the price of the first asset,
p1: through the risk premium channel: since asset returns are risky, risk-averse investors require a
greater premium to hold more assets, which decreases the price. Furthermore, both current and
past liquidity shocks affect prices and expectations because investors learn about fundamentals
from current and past prices which aggregate investors’ private information. Since prices are
affected by unobserved liquidity shocks, investors mistakenly attribute changes in prices which
are due to liquidity shocks partially to changes in fundamentals (‘rational confusion’).

Table 2 presents summary statistics for comovement and volatility, computed using the
benchmark parameterization. We are again interested in explaining comovement conditional on
true fundamentals, which in this case corresponds to conditioning on all fundamental shocks,
past and future: if there is comovement after controlling for fundamentals then our model can
contribute to explaining the excess comovement found in empirical studies, which typically
analyze comovement of residuals from a regression of asset prices (or returns) on fundamentals.
We compare the comovement of prices p; in the HOB-model with the comovement prices in
PV-model. Furthermore to determine to what degree price correlation can be explained by
comovement of risk premia we also compute the correlation of the expectations component of
prices, which corresponds to HOB about discounted future cashflows, > "2, R*"Ei (O144).

First, note that the covariance of expected discounted future cashflows across assets is non-
zero. This result obtains because of the comovement induced by the presence of public infor-
mation: information which affects investors’ information sets, but cannot be conditioned on
in empirical studies (because the data is not available) causes the residuals to co-move if the
underlying fundamentals are related. Furthermore, both covariances and variances of asset
prices in the HOB-model, conditional on true fundamentals, are higher than the correspond-
ing (co-)variances in the PV-model. Therefore, to analyze how HOB affect comovement it is
more useful to look at correlation rather than covariance. Indeed, the correlation of prices with
HOB is larger than in the PV-model. The difference is explained only partly by risk premia

comovement, since the correlation of HOB across assets is also larger than the correlation across
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Figure 2: Correlations conditional on true fundamentals. Parameters as stated in Table 1, except for

parameter on x-axis.

expected discounted future cashflows. This is consistent with proposition 3 in the previous sec-
tion. Therefore, accounting for HOB can help to explain the large degree of comovement found
in empirical studies.

Figure 2 presents sensitivity analyses for comovement, plotting correlations conditional on
fundamentals as in Table 2 and varying one key parameter at a time, while holding the other
parameters constant at the benchmark parameterization. The finding that price correlations
for the HOB-model are larger than the corresponding correlations when prices equal expected
discounted future cashflows (conditional on fundamentals) appears to be robust. Moreover,
depending on the deep parameters the difference in price correlation between the HOB- and PV-
models can be large. While a PV-model with a realistic information structure does generate non-
zero comovement after controlling for fundamentals, taking HOB into account can significantly
increase the amount of comovement. We interpret the difference in correlation between the

HOB- and PV-models as ‘excess’ comovement - correlation which is larger than justified by the
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comovement of underlying fundamentals.

From panels (a) and (b) of Figure 2, note that excess comovement decreases (increases) as
private signals (public signals) become less accurate. When private information is more accurate,
investors place relatively more weight on private signals; moreover, this effect is stronger for
standard expectations of fundamentals than for HOB (which place excessive weight on public
information). Consequently, as private signals become more accurate the difference in weight
placed on public information in the HOB- and PV-models increases, generating more excess
comovement. An increase in the variance of public signals has two effects. First, the weight
placed on public information decreases; and secondly, comovement and volatility arising from
errors in public signals will be larger. As seen in panel (b) of Figure 2, the overall effect is to
increase the amount of excess correlation. The same applies to the liquidity shock variance in
panel (c), which determines the accuracy of signals obtained from prices.

Panel (e) shows that excess correlation is highest for intermediate levels of fundamental cor-
relation. Clearly, when fundamentals are completely unrelated, asset prices will be uncorrelated
in both models. At the same time, when the correlation of fundamentals approaches one the
two assets are identical and all correlations are equal to one. With higher risk-free rates future
asset payoffs are more heavily discounted. Consequently the difference between expectations
and HOB of future fundamentals becomes less important for asset prices, and in panel (g),
correlations decrease and become less excessive as interest rates increase. Panel (h) of Figure
2 shows that as the information horizon T increases, excess correlation increases as well. As
T increases, there is more common information in the information sets of investors in t and
t+ 1. As a result, the difference between HOB and standard expectations will be larger, with
increased reliance on public information, which magnifies asset price comovement. Furthermore,
as T increases investors become more certain about future price developments as the reliance
on public information increases. Therefore, the risk premium (the difference between prices and
HOB) decreases.

6 Discussion

6.1 Relationship to empirical work

There is a large empirical literature on excess comovement of asset prices. For example, Shiller
(1989), Pindyck and Rotemberg (1993) and Kallberg and Pasquariello (2007) find evidence
of excessive correlation across stock markets; Sutton (2000) argues that there is excessive co-
movement across bond markets; and Pindyck and Rotemberg (1990) find excessive comovement
among commodity prices.'

According to economic theory, asset prices should reflect economic fundamentals. For ex-
ample, stock prices should be affected by information about future dividends, such as earnings

statements, growth, interest rates and so on. In the empirical literature, comovement is com-

4 The majority of empirical studies finds evidence for excess comovement. For diverging findings see Beltratti
and Shiller (1993) for stock markets and Deb et.al. (1996) for commodity markets.
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monly considered to be ‘excessive’ if it cannot be fully explained by economic fundamentals.
The strategy typically employed in empirical work is to first regress asset prices on a set of
relevant macroeconomic variables, and then to analyze whether there is comovement among the
residuals from the regression. If the measures of fundamentals included in the regression fully
explain price behavior, the covariance of regression residuals should be equal to zero. Thus the
finding that covariances between the residuals are significantly different from zero is taken as
evidence that the covariation of fundamentals cannot fully account for all covariation in asset
prices.

Fundamentals do not affect asset prices directly, but rather indirectly through their impact
on investors’ expectations. Furthermore, it is virtually impossible to account for all information
that might possibly affect investors’ expectations: therefore, it is very likely that the comove-
ment of error terms at least partly reflects comovement of macroeconomic variables that were
not included in the regression, but affected investors’ expectations. To circumvent this problem
Pindyck and Rotemberg (1990, 1993) estimate a latent variable model to describe expectations,
and then regress asset prices on fundamentals and latent variables. Even after accounting for
expectations in this way, however, they find that the covariances of residuals are significantly
different from zero and conclude that there is excess comovement.

When the standard present value model is extended to include a more general information
structure, prices co-move conditional on fundamentals, in line with empirical studies. This is
the case because each asset price is affected by public information about both assets, so that the
public signal errors generate comovement. However, the key contribution of this paper is that
this comovement is magnified when HOB are taken into account. Sensitivity analyses show that
depending on the underlying parameter values, the effect of HOB can be quite large. Therefore,
while the PV-model generates comovement, taking HOB into account can contribute to explain
the surprisingly high degree of comovement found in empirical studies.

Evaluating the empirical relevance of HOB in financial markets is complicated by the fact
that investors’ expectations and information sets are not directly observable. A promising
alternative to empirical work may therefore be the use of experiments. Currently, the only
empirical application of an HOB asset pricing model that we are aware of is Monnin (2005),
who analyzes whether a model with HOB can explain the observed volatility of the price-
dividend ratio in U.S. stock markets. He estimates the parameters in his theoretical model
from US stock market data and uses past prices and dividends as proxies for the available
public information.'® He compares the volatility of the dividend-price ratio calibrated from the
theoretical model to the volatility of the corresponding actual data and concludes that a model
with HOB is consistent with the observed financial market volatility. However one shortcoming

of this approach is that only past values are included as measures of public information.

15 As in our model, he assumes that private signal errors wash out across large numbers of investors so that
prices depend on true fundamentals directly, rather than on private information.
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6.2 Relationship to previous theoretical work on financial contagion

Excessive asset price comovement is often labeled financial contagion, although there is no uni-
versally accepted definition of what constitutes financial contagion. While most of the empirical
literature defines contagion as a significant increase of comovement in times of turmoil'®, theo-
retical explanations of contagion seldom distinguish between periods of turmoil and tranquility
and instead seem to describe mechanisms which are always at work.!” Although the magnifi-
cation channels described in this paper are at work at all times, it is possible to argue that our
model is consistent with an increase in comovement in times of market crises. The excessive
impact of public information on prices is proportional to the size of the news shock. To the
extent that public signal shocks become larger and more volatile in times of crisis, the spillover
effects will become more ‘excessive’ and asset prices more volatile.

The relationship between our model and some of the existing theories of comovement and
contagion can be usefully demonstrated by defining the difference between HOB and standard
expectations - called the "higher order wedge" by Bacchetta and van Wincoop (2007) - as

follows:
=1 —k+1 —k+1 —
A=) o { [Et (Otv14k) — Y Zop 145y (St+1+k)] - By (0t+1+k)}

Furthermore let 3¢ ; = cov; (Ezozl R*kBHk) denote the covariance matrix of discounted future
fundamentals, conditional on information available to investors in period ¢, and define the

following term describing differences in conditional covariance matrices:
EA,t = 2ap,zt - Ee,t

Then asset pricing equation (3) can be rewritten as follows:

1 [ 1 — 1
Pt =7 {kZ:O ﬁEt (O1414%) — VEe,tSt} + R {Ay —vXA St} (23)

The first term in (23) corresponds to prices in traditional asset pricing models where HOB
reduce to expectations about fundamentals, adjusted for risk (as is the case when 7" = 1 in
our model), while the second term captures the difference between our model and present value
models due to the effects of HOB. Equation (23) can be used to show how our model incor-
porates several previous theories of financial contagion, including the effect of past losses on
investors’ risk aversion (Kyle and Xiong, 2001 and Goldstein and Pauzner, 2004), rational con-
fusion (Calvo, 1999) and the role of information markets in generating comovement (Veldkamp,
2005).18

'®See e.g. Forbes and Rigobon (2002).

"Even if asset price comovement as measured by price correlations increases in times of market turmoil,
there is ample evidence of excess comovement in tranquil times as well (see the references listed in the previous
subsection).

Y Further interesting theories of financial contagion include Calvo and Mendoza (2000), Allen and Gale (2000),
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A popular theory of contagion is rational confusion: liquidity shocks will affect prices, and
rational investors who use prices to update their expectations of fundamentals will attribute
the resulting price change partly to a change in fundamentals. This channel magnifies the
effects of liquidity shocks and is at the heart of Calvo’s (1999) explanation of sudden outflows of
capital in times of crisis. In our framework, both E; (8;41) and A; will be affected by liquidity
shocks, as investors use the observed prices (current and past) to extract information about
the private signals of other investors. Because prices are observed by everyone in the market,
HOB will place more weight on them than standard average expectations. Therefore we have
0A;/0sy > 0, so that HOB will magnify the effects of liquidity shocks through the rational
confusion channel. Similarly, the spillover effects in King and Wadhwani’s (1990) study of stock
market comovement, where uninformed investors extract information from asset prices in a
foreign market, would be magnified when HOB are taken into account.

In Veldkamp (2006) many investors endogenously choose to purchase the same information
which is valuable for forecasting the returns of many assets, generating ‘excessive’ price covari-
ances. The static model in Veldkamp (2006) could be extended to a dynamic setting where HOB
would arise similarly to our model. If investors had access to private information, and if both
this private information and the signals purchased on information markets stayed informative
for at least two periods, HOB would magnify asset price comovement. Thus the presence of
information markets in Veldkamp (2006) leads to excess comovement, which is further magnified
by HOB.

Kyle and Xiong (2001) and Goldstein and Pauzner (2004) argue that past losses may result
in an increase in investors’ risk aversion, thus transmitting shocks. This can be achieved in our
setup by letting the coefficient of absolute risk aversion v become an increasing function of past
losses. In our numerical simulations the elements in the matrix 3 ; are generally negative.
Intuitively, next period’s prices are less uncertain than future fundamentals because prices are
affected by public information which is at least partly known today. Therefore both variances
and covariances of asset payoffs are smaller when HOB are taken into account: the presence of
HOB will decrease the effect of past losses on risk aversion, making this transmission channel

less important.

6.3 Policy implications

With an increasingly integrated financial system, the risk that shocks from foreign markets
are transmitted across markets and affect the domestic financial system has risen. For policy-
makers it is important to understand the transmission channels through which such financial
contagion occurs as this can help in estimating the probability that risks materialize, and to
take appropriate policy responses. This paper suggests that the presence of higher order beliefs
can magnify the impact of public information across markets. Therefore, the impact of possible
negative information - for example, a credit rating downgrade - may be larger than expected

based on the relationship of the markets affected. This result holds even in the absence of

Kodres and Pritsker (2002), and Chari and Kehoe (2003).
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financial frictions, and with fully rational investors.

The main policy implication of our analysis concerns the benefits of transparency. Recall
from Figure 2, panel (b) that asset price correlation becomes more excessive as the variance of
public information rises. To the extent that excessive comovement is economically undesirable,
this result highlights the benefits of providing accurate public information.'® Since policymak-
ers’ actions, for example interest rate decisions of central banks, also convey information to the
public, our results suggest that transparency is useful to limit excessive comovement: policy-
makers should communicate the motives behind their actions to the public and should strive to

be understood by market participants.

7 Conclusion

This paper analyzes the role of higher-order expectations in markets with multiple risky assets.
When speculation is an important motive for trading financial assets, prices are influenced by
expectations about the expectations of future investors. In such higher order expectations more
weight is given to public information. We show that this feature generates excess comovement
- information spillovers across prices and price correlations that are higher than justified by the
comovement of underlying fundamentals. Thus the presence of higher order beliefs can poten-
tially explain the seemingly ‘excessive’ asset price comovement observed in financial markets.
To the best of our knowledge, this paper is the first to analyze the effects of higher order
beliefs on asset price comovement. We develop a dynamic asset pricing model with multiple
risky securities where higher order beliefs arise because investors need to forecast future prices.
The model nests several previous theories of financial market comovement. While some trans-
mission channels highlighted in the previous literature are magnified by higher-order beliefs,
other channels become less important when higher-order beliefs are taken into account.
Empirical studies on excess comovement typically regress asset prices on measures of eco-
nomic fundamentals, and interpret the finding that the covariances of the residuals from this
regression are non-zero as ‘excess comovement’. However, this finding is consistent with the
standard present value model where asset prices are determined by expected discounted future
cashflows: when fundamentals are related across assets, each asset price is affected by the same
information and hence information errors generate comovement. Our central result is that the
presence of higher order beliefs magnifies this comovement because investors place more weight
on public information. We show that depending on the underlying parameter values - espe-
cially if public information is very noisy and stays informative for a long time - the increase in
correlation due to higher order expectations can be large. Therefore higher order beliefs can
contribute to explaining the high degree of comovement found in empirical studies. Allowing for

a realistic information structure generates excess comovement, without the need for assuming

'Morris and Shin (2002) argue that increased transparency could actually be detrimental to welfare when
agents may coordinate on a ‘bad’ signal. In our model simulations show that the effect of public information
accuracy on the spillover of public information noise is ambiguous, while the amount of excess correlation is
always decreasing in public information accuracy.
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financial frictions or irrational behavior.

Although the analytical results in this paper are derived in a highly stylized model, we

show in numerical simulations that the main results carry over to a fairly general asset pricing

framework. Details of the market structure may affect the quantitative importance of our

results, but the main result that higher order beliefs are associated with excessive comovement

in markets with multiple risky assets appears to be robust.
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Appendices

A Coefficients of average expectations for the special case

For notational convenience let o; = 1 /agj, B =1 /0'326]-, j; =1 /agj denote respectively the
precisions of fundamentals, private and public information, for j = 1,2. Then in equation (5)
and (6) the weights placed on different sources of information in the formation of expectations
about 6; are given by
ay = Qy (aj+/8j+5j) (24)
(a1 + By +01) (a2 + By + 02) — araz (B + 61) (B2 + d2) p?
—Q1( (,B] + 5]) P
(a1 + By +01) (a2 + By + 62) — araz (B + 1) (B2 + 62) p?

(25)

o Bi[(aj + B +85) — anca (B; + 85) p°] (26)
" (a1 + B+ 61) (ag + By + 02) — aras (B + 1) (B + 2) p?

b 04104253'/0 (27)
N (a1 + By +01) (ag + By + 02) — araa (By + 01) (B2 + d2) p?

. 0i [(ag + Bj +8;) — 0 (B +9) p°] (28)
" (1 + By + 61) (a2 + By + 02) — cana (B + 01) (By + 02) p?

B a1a20;p
cij = (29)

(1 + By +61) (a2 + By + 02) — cwaz (By + 01) (By + d2) p?

for i,j = 1,2 with i # j.

The common denominator of the above coefficients is positive, which implies that a2 and
as1 are negative while all other coefficients are positive. To see this let C? = ajap? denote the
square of the correlation of shocks to fundamentals, €1 and 3. Then the common denominator
is positive if

(a1 + By + 61) (a2 + By + 62) > (B + 61) (B, + 62) C?
which holds since C? € [0, 1].

B Proofs

Proof of proposition 2.

Unlike in the case of proposition 1, it is not directly clear from the difference equations in (17)
that b} and b2} increase over time. To show that this is indeed the case, the difference equations
for the coefficients bl* and b3; need to be solved. Equations (17) and (18) can be written as

bl [ bir ba ] v
-1 | Y 30
[ b3 biz b2 by (30

with initial conditions b;*T = b;j. Substituting from equations (26) and (27) one can show that
b11baa — ba1b12 > 0, so that the matrix in equation (30) is invertible. The solutions to this
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system of difference equations are

biaAo 1\ biaAs 1\
bir = — = = 31
1 “ A1 — Ao <)\1 e A=A\ A2 (31)
b1\ INTE bioA 1\
)\1 — )\2 )\1 )\1 - )\2 )\2
and
T—Dobey [ 1NT™H 1 Abay [1\77!
b?* — N _ - == .| — 33
1t “ A1 — A2 <)\1 “ A1 — A2 A2 (33)
1— b INTE 1= b 1\
)\1 — )\2 )\1 )\1 - )\2 )\2

where \; are the eigenvalues and e; the non-normalized elements of the corresponding eigen-
vectors of the system. Using the expressions for coefficients bi1, b12, bo1 and bog in appendix A
we find that A\; > Ao > 1 and e; < 0, es > 0. Proposition 2 then follows directly from equations
(31) and (34). Q.E.D.

Conditions for excessive covariance.
The following proposition is a preliminary step for the proof of proposition three.

Proposition 4 (Sufficient conditions for excessive covariance)

Let cov (Ey...Eq (61), Et...E5 (02) | 01,02) denote the covariance of higher order expectations
about fundamentals 61 and 05, conditional on 61 and 0s; and let cov (Et (01), Eq¢ (62) | 01, 02)
denote the covariance of average expectations about fundamentals 61 and 02, conditional on 61
and 02. Then a sufficient condition for

cov (EtET (01) aFt---ET (92) | 91, 02) > cov (Et (91) ,Et (92) | 91, (92) (35)
to hold is that
1oy + agdo + 169
1—-C2

where C% = ajagp®. Moreover, in the limit as T —t — oo, (35) will always hold.

61,82 < 51(52 + (36)

Proof.
The strategy for this proof is as follows. First, we prove several relationships between the HOB-
coeflicients, which will help us to considerably simplify the expression for the covariance. We
then find an expression that describes how this simplified covariance depends on time. Finally,
we show that the covariance decreases for all periods if the covariance of average expectations
is positive.

We begin by proving the following lemma, which describes some interesting relationships
between the weights placed on different sources of information in the formation of higher-order

beliefs.
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Lemma 5 We have

4o gy, @)
Cflt = f—aﬁp (38)
L T (39
Gl g, (10)

Proof. The proof is by backward induction from the final period ¢t = T. For the inductive step,
it is easily verified from equations (24) to (29) in appendix A that (37) to (40) hold in period
T.

Next we show that if (37) to (40) hold for period ¢, they will also hold in ¢ — 1. Begin with
(37), and assume that (37) holds in ¢. Dividing (13), the difference equation for aif, by a; and
using (37), (15) and (14), we have

a’ﬁk 1 — a%t + b E + bl* a1
aq aq aq
1*
a a
_ <51t %p) N bl* 12 2y b a22
1 1
1% 1% 1%
c —bife1n — byrean *a12 *G22
= A= 1t51 2 ( agr_ — bijaiz + by a22) p+ bi; + by;
1%
C1t—1 ailr  c1n 1% [ Q21 €21
— b o =i b 221 =21
5 ay_1p+ <a1 5, +CL12P> + Oy <a1 51 +a22p>

We have shown that (37) holds for ¢t = T, so that the terms in parentheses are zero which gives
our result. The proofs of (38) to (40) are similar and therefore omitted. m

Lemma 6 We have

1x 2%
Cot C1e
= 41
s 5 (41)
b3 bi
22t 71t 42
B B1 (42)

Proof. The proof is by induction from T. For t = T, we can verify from the expressions of the
coefficients in appendix A that (41) and (42) indeed hold. Next, suppose that both relationships
hold for some period ¢. Using the difference equations in appendix B, (41) then also holds in
t—1if

CQt b%:clz +'b2t022 _ clt b%:011 +—b2t021

52 51

Noting that (41) holds in ¢ and that (42) holds in T' and making use of the fact that byads = c20/35
and canceling out terms produces

1% PES 2%
biy — b3 _ bif
bi1 —ba2 b2y
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Similarly, given that (42) holds in ¢, it will hold for ¢t — 1 as well if
biy — b5 _ by
bin — bz b2
Thus we need to prove that N . .
@)

holds for all ¢. This is again done by backward induction. For ¢t = T, it can be verified from
appendix A that (43) holds. Next, suppose (43) holds for some ¢t. Then for ¢ — 1 we require

bor (bij_y —b5;—1) = bi_1 (b11 — bao)
bor [(b17b11 + byrbor) — (birbio + b3rboo)] = (bTrbin + b3ybar) (bi1 — boa)

Making use of the fact that (42) holding in period ¢ implies that b%fbgl = b%fblg and canceling
out terms we have

bii — b3 _ bR

bir — b ba
which holds for ¢ as postulated. m

From equation (11) and (12), we can compute the covariance of higher order expectations,
conditional on the true realization of fundamentals 61 and 05 as

al*a2* al*a2* 61*62* 01*02* e 2 5
1t 1t 2t Y2t 1t ~1t 2t 2t * 2k 1% 2%
Cov [Es (01),Es (02) | 01,02] = . + . + 5 + 5 + (altazt + aztalt) P
1 2 1 2

Using equations (39) and (40) we can simplify this expression as follows:

2% 2%
_ 1 c 2 1 C 2
Cov[E, (01), By (62) | 01,02) = ali (5 — adip) +abi (5 — a3ip)
1% * 1% 2%
CitCit 2t €2 1% 2% 1% 2%
AL 4 202 4 (ajfad) + azfaiy) p

(ol +cli) i (o +ck)

01 02
_ (@=b)edr b
01 09

Finally using equation (41), this can be further simplified to

1% 1x 1x 2%
(1 - bu) Cop — by o

Cov [ES (91) 7E8 (92) ’ 917 92] = 52

(44)

In the final period ¢ = T, this will boil down to the covariance of average expectations, given
by
(1 —b11) c12 — bizcao

01

We can then use the difference equations in appendix B to express the equation (44) as a

Cov [E¢ (61),E¢ (02) | 01,02] =
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function of time. Leaving out the (constant) denominator dy, after some tedious algebra we get

., . 1\°% 1\°%
Cov [Et (91) , B (02) | 91,02] = Co+C4 — | —Cy — | -
A1 A2
1 2s 1 2s
- C — Coy- | — 45
11 <A1> + C2a <)\2> (45)
where s =T — t and
B 12 A1 A2
Co = e 370 <1—)\2 1—)\1)
c12 A2
- 9
= VD W
_ 12 S ey
1 — (b11 + b22) + (b11b22 — b21b12)
c12 A1
— 9
s VIS VRS W
c12 A2
Cr o= 0
1 M=M=
A
022 = €12 ! >0

AL — A2 Az (1—X9)

The idea of the proof then is to show that the covariance of higher-order beliefs decreases over
time, or increases in s, provided that the covariance of average expectations is positive. From
equation (45) and rearranging, the covariance of HOB increases from period s to s + 1 if

1\? 1 1\° /1
- 1 — ). _ il ~ 11
<A2> < >\2> {02 022(>\2) <A2+ >}
1\? 1 1\° /1
= () () e () o)
which can be split in two sufficient conditions:
1\° 1 1\° 1
() () = G) (-3 (40
1\° /1 1\° /1
Cy — Coyo ()\2) ()\2+1> > C;1—C11 ()\1) </\1+1> (47)

In the following we show that (46) holds for s > 1 and (47) holds for all s, provided that the
covariance of average expectations is positive, for all s > 1.

The proof of (46) is by induction from s = 1. Since A; > Ay > 1, it is easy to see that (46)
will hold for s + 1, provided that it holds for s. Furthermore, for s = 1 we have

1 1\ 1 1
i i
)\2( >\2>>)\1< )\1)

AAg > A+ Ag

or equivalently
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Substituting for the eigenvalues, we find that this condition is equal to
1> b11 + b22
Now notice that the covariance of average expectations is given by

(1 —b11) c12 — biacan
01
(1 —=b11 — b22) c12
01

Cov [Et (61), E; (02) | ‘91702] =

since bjacoa = c12b2a. Therefore, a sufficient condition for (46) to hold is that the covariance of
average expectations is positive. This proves that (46) holds for s > 1.
Sufficient condition (47) requires

e [ee (1) () o) (1)

One can show that both terms in square brackets are positive. Furthermore, by induction from
s = 0 one can show that the second term is decreasing in s. Therefore, it is sufficient to show
that the above expression is positive for s = 0, which requires

1 1
[C’Q—Cl]— Co|l—+1)-Cy1 | —+1 >0
A2 A1
Substituting we get
2 2 3 3 3 3
2(01)” (2)” (1 = A2) [ +22) = 1] > (Aada = 1) [ () = 02)*] + (1 = de) [ () + (2)
which can be split into two further sufficient conditions:

A2 (A2 (A1 = A) [(A 4+ Ag) —1] > [(Al)?’ + ()\2)3] (A1 — Aa)

) 02 1= 2) [ +22) 1] > [0)° = (02)°] (Ande = 1)

Some algebra shows that a positive covariance of average expectations, implying Aj A > A1+ Ao,
is sufficient for both conditions to hold.

Finally, expressing the covariance of average expectations in terms of the underlying para-
meters, we see that the covariance of average expectations is positive provided that

a1 + adg + 101

ﬂ162 < 5162 + 1 — 02

Q.E.D.

The sufficient condition requires that the precision of public information (from both y; and
zj) is above a certain threshold, compared to the precision of private information. Excess
comovement arises because of over-reliance on public information. However if the precision of
private information is too high, the weight that investors in the final period place on public
information will be very small, and in the last trading periods the HOB effect may not be
sufficient to generate excess comovement. In the long run, sufficiently far away from the final
trading period T, there will always be excessive comovement: as the order of HOB increases, so
does the reliance on public information. Empirical studies typically find positive comovement
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after conditioning on fundamentals so that this condition seems to satisfied in practice.

Proof of proposition 3.
The strategy of this proof is first to use the relationships between the coefficients to find a
simplified expression for the correlation; using this simplified expression, to derive two sufficient
conditions for excessive correlation; and finally to express these sufficient conditions as functions
of time and to show that they will hold for all time periods.

We begin by finding simplified expressions for the variances of expectations of assets one
and two. Using the results in lemmata 8 and 9, we have

1%\ 2 1%\ 2 1%\ 2 1) 2
a a c c
Var [ 01) 0,02 = AL L) ppp, 1D (o)
a1 (0%) 61 62
1% 1= 2% 7. 1%
C1t (1 - blt) — iy by
= 48
v (18)
and
2% 2 2%\ 2 2% 2 2% 2
a a c &
Var [B (021 00,02 = S LB gy, (GE) (G0
a1 Qa9 61 52
2% 2% 1%7.2%
Cot (1 - b2t) — Cgy b7
49
= (19)
Note also that the covariance can be written alternatively as
1% 2% 1% 2% 1% 2% 1% 2%
— ara asra ciic CorcC
C ES 0 ’ES 0 0 ’0 — 1t Y1t 2t Y2t 1t “1¢ 2t “2t 1x 2% 1x 2%
ov [E; (01), E; (02) | 01,62 o + g + 5 + 5 + (atfas; + agraif) p
(1—b3;) cfy = bifelf
= 50
- (50)

Using these expressions we can compute the correlation coefficient of higher order expectations:
Cov [Ej (61),E; (62) | 61,02]
\/V@T E: ((91) ‘ 91,92] -Var E: (92) ’ 91,92]

1 1% 1% 2%
(l_blt )C2z —b3icoy
02

1 1 241 2 2 1xp2
01?(1_171?)_01:172: . sz(l_bﬁ)_%:bl:
01 o2

Corr [Es (plt) , B (p2t) ’ 01, 92] =

The corresponding correlation of average expectations is given by

c12(1—b11)—c22b12
Corr [E (61),E (62) | 61,02] = 52
orr r( 1)7 ( 2) | 17 2] \/011(17b11)7021b12 . 622(17b22)7012b21
51 52

We need to show that
Corr [Ey (61),E; (02) | 61,02 > Corr [E (61),E (62) | 61, 0] (51)
We can distinguish for cases.

1. Both the covariance of HOB and the covariance of average expectations (AE) are positive,
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implying that
cof (L—bif) — by = iy (1—1b3;) — e1fbif > 0
c12 (1 —b11) —c2bia = c¢21 (1 — baa) — c11b21 >0

Squaring both sides of the inequality in (51) and making use of the alternative expression
for the covariance of HOB in (50) shows that in this case (51) can be written as

[Czt( ) C2Zkb ]‘[Clt( — b3 ) Cltb ]
ety (1- b%?) —citbyr] - [ (1—b37) — eaibty]

[c12 (1 — b11) — ca2bi2] - [e21 (1 — baa) — c11b21]
= e (1 —=b11) — carbizg] - [e22 (1 — ba2) — c12b21]

It turns out that this expression can be split in two separate sufficient conditions,

C2t (1 - bﬁk) 02;51* > Clt (1 - bﬁk) lebl*
c12 (1 —b11) — 022512 — e (1—b11) — c21512
Clt (l_b ) 2* > C2t (1_b ) 2*
ca1 (1 — baa) — 011521 ~ e (1 —ba2) — 612521

or equivalently

[ef (1= b17) — 3rbb;] - e (1= bi1) — canbia]
— [ (1 - bﬁk) — cfbir] - [erz (1 —b11) — caobia] > 0

[cfr (1 - b%f) ci7b3r] - [c2a (1 — ba2) — c12b21]
— (37 (1= b3;) — ebTy] - lear (1 = bog) —curboa] > 0

We show below that both of these conditions hold.

. Both the covariance of HOB and the covariance of AE are negative, implying that

cof (L=bif) — by = i (1—b3f) — cifbif <0
c12 (1 —b11) —caobiz = c21 (1 —baz) —c11b21 <0

In this case the inequality in (51) can be written equivalently as
[C% (1 _ b ) _ 2*b1*] . [ 2% (1 _ b2*) _ 1*b2*]
[clt (1 - b%f) - Cl*bl*] ) [C2t (1 - b%?;) - ‘32*b2*]
[c12 (1 — b11) — ca2biz] - [e21 (1 — baz) — c11b21]
[c11 (1 — b11) — ca1bi2] - [e22 (1 — baz) — c12b21]

Rearranging, it turns out that sufficient conditions that ensure that this inequality holds
are again given by (52) and (53).

. The covariance of HOB is positive, but the covariance of AFE is negative: in this case our
proposition holds anyway.

. The covariance of HOB is negative, but the covariance of AE is positive: this case cannot
occur (see proposition 4).
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Thus it is sufficient to prove (52) and (53). Some algebra shows that condition (52) is
equivalent to requiring that

1 s 1 s 1 2s 1 2s
=) -, [=) = = =) > 4
Co+ C4 <)\1> Cy ()\2) C11 <)\1> + Cy9 ()\2) >0 (5 )

where s = T — t and the coefficients are defined as

bi2 (c11c22 — c12¢21) + (c11b22 — bigear) [c12 (1 — bi1) — ca2b12]

Cy = >0
0 1 — (b11 + b22) + (b11b22 — b21b12)
1 1
< Mol a7
1 1
Co = — K 0
2 Mgl 27
1 1
C = - K 0
1 M denm (a7
1 1
C22 = KQ <0

A= A A2 (1—X9)

with

K, = c12A2 - [e11 (1 — b11) — ca1b12]
— [MA2 (c11b11 + biacar) — Arenn] - [ei2 (1 — bi1) — ca2bi2]

c12A1 - [e11 (1 — b11) — ca1b12]

K, —
2 — [MA2 (c11b11 + biacar) — Azcin] - [c12 (1 — bi1) — co2b12]

with Kj, Ko > 0. We know that the expression in (54) is equal to zero for s = 0. Then it is
sufficient to show that (54) is increasing in s. This proof is very similar to the final steps in the
proof of the conditions for excess covariance and therefore omitted. Q.E.D.

C Numerical solution of the full model

The solution method used for numerical simulations of the full model in section five is based on
Townsend (1983), adapted to our multi-asset framework.2’ We start with the educated guess
that prices are linear functions of various shocks. Based on the conjectured pricing functions
investors’ expectations of future prices and fundamentals are computed and equilibrium prices
are derived. The final step is then to equate conjectured and equilibrium coefficients.

The contribution of Townsend (1983) was to show that even though higher order beliefs are
of infinite order the number of unknown coefficients is finite, as shown below. Therefore this
application of the method of undetermined coefficients leads to a fixed-point problem with a
finite number of non-linear equations which can be solved by standard methods.

For ease of notation we rewrite the stochastic process for fundamentals as follows:

0jt = Dj (L) ejt

for 7 = 1,2, where
Dj (L) = d1 + d2L + d3L2 4 ...

20We use the notation of Bacchetta and van Wincoop (2006), extending their analysis to a setting with multiple
risky assets.

36



is an infinite polynomial in the lag operator L. Fundamentals follow and AR-1 process so that
we have '
dl = (pj)s_l for s > 1

C.1 Conjectured rules for prices

Conjecture that prices can be expressed in terms of current and past shocks:?!

pjt = Aj (L) enrr + Aja (L) earyr + Cijn (L) Crpgr (55)
+Cj2 (L) Coppr + Bji (L) s1t + Bja (L) sa

where Ny - N
Kij (L) =k + k3L +kJL* + ...

Note that only fundamental shocks from ¢ + 1 to ¢t + 71" are unknown, since fundamentals 6
up to ¢t have been observed, so that the shocks can be computed. Since z;jz = 0 + (;, shocks
to the public signal (;, are therefore also known up to ¢ and unknown only for ¢ +1 to ¢t + T
Furthermore, note that only supply shocks s;; from t—T'41 to ¢ are unknown, while shocks from
t — T and earlier can be deduced by observing asset prices and fundamentals. With knowledge
of shocks to fundamentals in ¢ and earlier, supply shocks from ¢t — T" and earlier can be deduced
from prices (each period, two supply shocks can be computed from two pricing equations).
Therefore we can write the price of asset j in period ¢t + 1 as follows:

i1 j2 i1 j2 i1 j2
Pjti1 = @ e1e4ry1 + @ €2eir i1 + €] Crpprir + ¢ Corpria + 07 1641 + b s2e41 (56)

+ 0%, + Ajy (L) ext + Ajp (L) 2t + Bjy (L) s1p—7 + Bja (L) st
~—— -~

where we have defined

& = [€& & ] @ =[0, @,]
€jt = [Ejt+T RN ) A | Cjt+T Cjt+1 Sjt o SjTi1 ]/
o) = [agj el L, b bQZH}

K5(L) = K, + ki L+kL L%+

Past public signals from ¢ and earlier have no role in forecasting future fundamentals, so that
their weight is zero, and no C* (L) terms appear. Note that &, contains fundamental, news and
supply shocks about which private signals and prices observed in t are informative. Therefore
in equation (56) the expectation of shocks in the first term is zero as of period ¢; the shocks in
the second term can be forecasted by using the information available in ¢; and the shocks in the
final term are known in ¢.

C.2 Conditional moments

Investors form expectations about unobserved shocks based on their private signals and the
information contained in current and past prices. Denote the vector of variables observed by

2IFrom the law of large numbers private signal noise washes out when integrating across all investors 7, so that
prices do not depend on private signal noise.

37



investor ¢ in period ¢ by

i _ p! izt 17
Y, = [ Y, Yy ]
P __ * * * * !
Y, = [ Py - P11 P " P11 ]
; !
T S * * * * * * * *
Y = [mlitt-&-T Tl LT T Togp+l Ru+r T R+l Rodr Z2t+1]

where variables that have a star superscript denote observables. For example, for private signals,
note that

Tlits = ‘915 + N1its
= diers + . dsgerpr Hdsi1€1 +dsp 2811+ o N1

where the first term is unobserved at ¢, while the second term can be computed at t from the

fundamentals which have been observed. Then the observable part of the private signal is given
by

Tlits = Tlits — As—t—161¢ — As—t—2€14—1 — ...
= dig1s+ ... +ds—t€1e41 + Nits
We can write
Y; = Hlft +wy
where H' is defined as follows:
A;; Cii B A Ci2 Bypg

Asi Co1 Bar Ay Coy By
D; 0 0 0 0 0

r_
H = 0 0 0 D, O 0
D, Ir 0 0 0 0
| 0 0 0 D» Ir 0 |
with N N
7 7
Ky’ k7
Kij = :
K
where empty entries are equal to zero, and
3 /
Wy = [ 0" 0 Myyyr o Maesr Mowsr 0 Mowgr 000 }

A typical investor i in period ¢ observes the vector Y! and can form expectations about &,
conditional on Y}, using the projection theorem. Note that the unconditional expectation of
both &, and w} is zero. For the unconditional variances we have

O27x6T
2
N — 1o | Orxer oyl Oryr Opgor
Var (wt) =R = 5
Orxor  Orxr oIt Opyor
Oo7x6r
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and

Var (&) = P= 31 212
with
B oIy 0 0
Vary (£jt) = P;= 0 aszT 0
0 0 oIy
_ ,OHIT 0 0
Covt (&14,82:) = Pra= 0 0 0
0 0 psIT

where all empty entries are zero. Then the projection theorem gives
E (ﬁt ‘ Y%) = MY;
Var (¢,|1Y)) = P=P-MHP

where

~ ~ —1
M —PH (H’PH 4 R)

From the conjectured pricing equation (55) expectations of next period’s prices are given by

Eit (pji+1) = @;‘Eit (&) + Al (L) exe
+A;2 (L) Eot + B;l (L) S1¢t—T + B;Q (L) Sot—T

Substituting and averaging across investors, the law of large numbers gives
E; (pjir1) = OMH'E, + A%y (L) e1y + A%y (L) €2 + Bjy (L) s1e—7 + Bjo (L) 5217
For the (co-)variances we have

o\ 2 o\ 2 .
Vary (pjie41) = (a{1> o? + (aﬂlZ) o2 + 2al'ai?p,

N2 N2
+(d') o2+ () 0%+ opPe,
V2 N2 T
+ (o) 0%+ (o) 0%+ 260,
Covy (p1e41,p2t+1) = a%lafla% + a%Qa%QUg + (a%la? + a?a%l) Po
11 —21—16%21 6%102112 J526%22 6%202211+2?I1Pg221
+b1'071 02 + 01%0F20 %, + (D163 + b1%0T) pg

Next, consider expectations of future fundamentals. What matters for prices in ¢ are the
expectations of 641,
Ei (01041) = &\ Byt (gje41 | Y1) + dbeje + dieje—1 + ...

Note that €141 is the T'th element in the vector &,;, and €241 the 47'th element in the vector
€,. Letting M7 and M*" denote the T'th and 47th row of M, respectively, substituting and
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averaging across investors then yields

E, (O1141) = d%MTH,Et + déﬁlt + déé‘ltfl + ...
Ei(2r41) = AMTHE, + dieys + d2ear 1 + ...

Furthermore, we have

Vart (01t+1) = (dl) V(th 51t+1 ( %)
Vart (02t+1) = (d2) VCLTt 52t+1 ( %) 4T ar
Covy (01141,09:41) = didiCouvy (1441, 0141) = didiPTAT

where P7 denotes the (T, T)th element in P?. Note that the covariances of future prices and
fundamentals are also non-zero. We have

Covg (01141, P11+1) dia 1T1+1PT diamﬂPTAT
Covt (0141, p2t41) = d%a?plﬂ +dia 22 PTAT
CO’Ut (62t+17p1t+1> — d2 11 PT4T+d2a12+1P4T
( )

221 TAT | 222 AT
Covy (02t41,p2e41) = diap, P™ +dja7 P

C.3 Solution

To solve the model we can then match coefficients from conjectured and equilibrium prices. For
example the conjectured price of asset 1 is given by (55) while the equilibrium price is

( (O1M; +diMT) - H'¢, )

+ (a%}ﬁQ + d%) et + (a%lJrB + dé) E1t—1 —1|-2 + a1T2+2521t2+ a1T2+382t_1
+bT+231t7T + bT+381t7T*1 + ...+ bT_,'_QSQth + bT+352t7T71 (57)
—yVare (pri+1 + O1e+1) - [Slt + ¢1510-1 4 (¢1)° s10-2 + }

—yCovt (1441 + O1441, P2t41 + O2041) - [SZt + Gosar—1 + () s10-2 + }

=)=

Pt =

In principle we would have to match an infinite number of coefficients. However, by equating
conjectured and equilibrium coefficients for shocks from periods t — 7" and earlier it is observed
that only a finite number of coefficients are unknown. Matching supply shock coefficients for
shocks from t — T, solving forward and assuming stable coefficients yields

YWar (pres1 + 01e1) - (1)

P 58
n o (58)
B2 vCovy (P1es1 + O1e11, P2er1 + O2e1) - (09)" 59
T+1 - R . ¢2 ( )
p21 _ YCovy (P1e41 + 01041, P2es1 + 020 11) - (¢1)T 60
T+1 - R - (251 ( )
T
2, = _yVar (p2t+é J_r ZQt—l—l) (¢2) (61)
2

and . 1 i

bZTJUrs = (¢j) bg+1 (62)
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for s > 2. Note that (58) to (61) depend on yet undetermined coefficients through the conditional
(co-)variances, while (62) can be computed directly once we have solved for (58) to (61). Next
we turn to the coefficients of fundamental noise for shocks from ¢ and earlier (shocks that are
known in t). Equating coefficients, solving forward and assuming stable coefficients yields

apy = Rp%p and  aply, = (p) lagl,  fors>2 (63)
1

ait, = 0 fors>1 (64)

o, = =2 and B = () aB,  fors>2 (65)
R — py

af, = 0 fors>1 (66)

These coefficients can also computed directly.

It follows that coefficients aiT] +s for s > 1 and bid

T+s
public signal noise ciTj 4, for s > 1 are equal to zero. For the remaining finite number of unknown
coefficients we then have to solve a fixed-point problem with 127" + 4 equations. The first 47T
equations equate the coefficients aj to a7, the next 4T equations equate the coefficients ¢f to
cé,z, another 47 equations equate the coefficients bij to béz, and the last four equations are given
by (58) to (61). We solve this fixed-point problem using the built-in MATLAB routine fsolve.

for s > 2 are known, while coefficients of
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